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Abstract
We prove that an almost periodic function in finite-dimensional space extends to a holomorphic
bounded function in a tube domain with a cone in the base if and only if the spectrum belongs to
the conjugate cone. We also prove that an almost periodic function in finite-dimensional space has the
bounded spectrum if and only if it extends to an entire function of exponential type.
2000 Mathematics Subject Classification 42A75, 30B50.
A continuous function f(z) on a strip
Sa,b = {z = x+ iy : x ∈ R, a ≤ y ≤ b}, −∞ ≤ a ≤ b ≤ +∞.
is called almost periodic by Bohr on this strip, if for any ε > 0 there exists l = l(ε) such that every interval
of the real axis of length l contains a number τ (ε-almost period for f(z)) with the property
sup
z∈Sa,b
|f(z + τ) − f(z)| < ε. (1)
In particular, when a = b = 0 we obtain the class of almost periodic functions on the real axis.
To each almost periodic function f(z) assign the Fourier series
∞∑
n=0
an(y)e
iλnx, λn ∈ R,
where an(y) are continuous functions of the variable y ∈ [a, b].
In the case a = b = 0 all exponents λn are nonnegative if and only if the function f(x) extends to the
upper half-plane as a holomorphic bounded almost periodic function; the set of all exponents λn is bounded
if and only if f(x) extends to the plane C as an entire function of the exponential type σ = sup
n
|λn|, which
is almost periodic in every horizontal strip of finite width (see [1], [4]).
A number of works connected with almost periodic functions of many variables on a tube set appeared
recently (see [2], [6]-[9]). Recall that the set TK ⊂ C
m is a tube set if
TK = {z = x+ iy : x ∈ R
m, y ∈ K},
where K ⊂ Rm is the base of the tube set.
Definition. (See [6], [9]). A continuous function f(z), z ∈ TK is called almost periodic by Bohr on TK , if
for any ε > 0 there exists l = l(ε), such that every m-dimensional cube on Rm with the side l contains at
least one point τ ((TK , ε)-almost period from f(z)) with the property
sup
z∈TK
|f(z + τ)− f(z)| < ε. (2)
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Let f, g be locally integrable functions on every real plane
{z = x+ iy0 : x ∈ R
m}, y0 ∈ K.
Definition. Stepanoff distance of the order p ≥ 1 between functions f and g is the value
Sp,TK (f, g) = sup
z∈TK

 ∫
[0,1]m
|f(z + u)− g(z + u)|pdu


1
p
.
Using this definition, we can extend the concept of almost periodic functions by Stepanoff on a strip
(see [4] p.197) to almost periodic functions on a tube set:
Definition. A function f(z), z ∈ TK , is called almost periodic by Stepanoff on TK , if for any ε > 0 there
exists l = l(ε) such that every m-dimensional cube with the side l contains at least one τ ((TK , ε, p)-almost
period by Stepanoff of the function f(z)) with the property
Sp,TK (f(z), f(z + τ)) < ε. (3)
The Fourier series for an almost periodic (by Bohr or by Stepanoff) function f(z) on a set TK is the
series ∑
λ∈Rm
a(λ, y)ei〈x,λ〉, (4)
where 〈x, λ〉 is the scalar product on Rm, and
a(λ, y) = lim
N→∞
(
1
2N
)m ∫
[−N,N ]m
f(x+ x′ + iy)e−i〈x+x
′,λ〉dx; (5)
this limit exists uniformly in the parameter x′ ∈ Rm and does not depend on this parameter (see [6], [8]).
A set of all vectors λ ∈ Rm such that a(λ, y) 6≡ 0 is called the spectrum of f(z) and is denoted by sp f ;
this set is at most countable, therefore the series (4) can be written in the form
∞∑
n=0
an(y)e
i〈x,λn〉.
Note that partial sums of the series (4), generally speaking, do not converge to the function f(z). However
the Bochner-Feyer sums 1
σq(z) =
q−1∑
n=0
kqnan(y)e
i〈x,λn〉, 0 ≤ kqn < 1, k
q
n → 1 as q →∞
converge to the function f(z) uniformly for almost periodic functions by Bohr and with respect to the metric
Sp,TK for almost periodic functions by Stepanoff; in particular, if two functions have the same Fourier series,
then these functions coincide identically. For holomorphic almost periodic functions the series (4) can be
written in the form
∞∑
n=0
ane
−〈y,λn〉ei〈x,λn〉 =
∞∑
n=0
ane
i〈z,λn〉, an ∈ , (6)
(see [8]). Any series of the form (6) is called Dirihlet series .
By Γ we always denote a convex closed cone in Rm; by Γ̂ we denote the conjugate cone to Γ:
Γ̂ = {t ∈ Rm : 〈t, y〉 ≥ 0 ∀y ∈ Γ},
note that
̂̂
Γ = Γ. Also,
◦
Γ is the interior of a cone Γ.
1For n = 1 see [4], for n > 1 see [8].
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Theorem 1. Let f(x) be an almost periodic function by Bohr on Rm with Fourier series
∞∑
n=0
ane
i〈x,λn〉, (7)
where all the exponents λn belong to a cone Γ ⊂ R
m. Then f(x) continuously extends to the tube set T
Γ̂
as
an almost periodic by Bohr function F (z) with Fourier series (6). The function F (z) is holomorphic on the
interior T
Γ̂
, and for any Γ′ ⊂⊂ Γ̂ uniformly w.r.t. z ∈ TΓ′
lim
‖y‖→∞
F (z) = a0, (8)
where a0 is the Fourier coefficient corresponding to the exponent λ0 = 0 (if 0 /∈ sp f , put a0 = 0.) If
sp f ⊂
◦
Γ, then (8) is true uniformly w.r.t. z ∈ TΓ̂.
Here the inclusion Γ′ ⊂⊂ Γ̂ means that the intersection of Γ′ with the unit sphere is contained in the
interior of the intersection of Γ̂ with this sphere.
To prove this theorem, we use the following lemmas.
Lemma 1. Suppose that a plurisubharmonic function ϕ(z) on Cm is bounded from above on a set TK , where
K ⊂ Rm is a convex set. Then the function
ψ(y) = sup
x∈Rm
ϕ(x + iy)
is convex on K.
Proof of Lemma 1. Fix y1, y2 ∈ K. The plurisubharmonic on C
m function
ϕ1(z) = ϕ(z)−
ψ(y2)− ψ(y1)
‖y2 − y1‖2
〈Im z, y2 − y1〉
is bounded from above on the set T[y1,y2]. Therefore the subharmonic function ϕ2(w) = ϕ1((y2− y1)w+ iy1)
is bounded on the strip {w = u + iv : u ∈ R, 0 ≤ v ≤ 1}. Hence, the value of ϕ1 at any point of this strip
does not exceed
max{sup
u∈R
ϕ2(u), sup
u∈R
ϕ2(u+ i)} ≤ max{ sup
x∈Rm
ϕ1(x+ iy1), sup
x∈Rm
ϕ1(x+ iy2)}.
Therefore, for any z = x+ iy ∈ T[y1,y2],
ϕ1(z) ≤ max{ψ(y1)−
ψ(y2)− ψ(y1)
‖y2 − y1‖2
〈y1, y2 − y1〉, ψ(y2)−
ψ(y2)− ψ(y1)
‖y2 − y1‖2
〈y2, y2 − y1〉}
=
‖y2‖
2 − 〈y1, y2〉
‖y2 − y1‖2
ψ(y1) +
‖y1‖
2 − 〈y1, y2〉
‖y2 − y1‖2
ψ(y2).
Hence for any y ∈ [y1, y2] we have
ψ(y) ≤
‖y2‖
2 − 〈y1, y2〉 − 〈y, y2 − y1〉
‖y2 − y1‖2
ψ(y1) +
‖y1‖
2 − 〈y1, y2〉+ 〈y, y2 − y1〉
‖y2 − y1‖2
ψ(y2).
If y = λy1 + (1 − λ)y2, λ ∈ (0, 1), then we obtain the inequality
ψ(λy1 + (1− λ)y2) ≤ λψ(y1) + (1 − λ)ψ(y2).
Therefore, the function ψ(y) is convex on K.
Lemma 2. Let ψ(y) be a convex bounded function on a cone Γ. Then ψ(y) ≤ ψ(0) for all y ∈ Γ.
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Proof of Lemma 2. Since ψ(y) is convex, we have
ψ(y) ≤
(
1−
1
t
)
ψ(0) +
1
t
ψ(ty), t > 1.
Taking t→∞, we obtain ψ(y) ≤ ψ(0).
Proof of Theorem 1. Let σq(x), q = 0, 1, 2, . . . be the Bochner-Feyer sums for the series (7). Obviously,
these functions are also defined for z ∈ Cm. Assume that
ϕq,l(z) = log(|σq(z)− σl(z)|).
For any fixed q and l, q > l, the function ϕq,l(z) is plurisubharmonic on C
m. Moreover, for z ∈ T
Γ̂
we have
〈y, λn〉 ≥ 0 and
|σq(z)− σl(z)| ≤ |σq(z)|+ |σl(z)| ≤
q−1∑
n=0
|an|e
−〈y,λn〉 +
l−1∑
n=0
|an|e
−〈y,λn〉 ≤ 2
q−1∑
n=0
|an|.
Consider the function
ψq,l(y) = sup
x∈Rm
log(|σq(z)− σl(z)|).
Using lemma 1, we obtain that ψq,l(y) is convex in Γ̂. Therefore, by lemma 2, we have
sup
z∈T
Γ̂
(|σq(z)− σl(z)|) ≤ sup
x∈Rm
(|σq(x)− σl(x)|). (9)
Further, the function f(x) is almost periodic, therefore the Bochner-Feyer sums converge uniformly on Rm,
and for q, l ≥ N(ε)
sup
x∈Rm
(|σq(x) − σl(x)|) ≤ ε.
Hence, sup
x∈Rm
(|σq(z)− σl(z)|) ≤ ε for all z ∈ TΓ̂, q, l ≥ N(ε).
Thus the Bochner-Feyer sums uniformly converge on T
Γ̂
, their limit is an almost periodic function by
Bohr and holomorphic on the interior of T
Γ̂
with the Dirihlet series (6).
Further, passing to the limit in (9) as q →∞, we get
sup
z∈T
Γ̂
(|F (z)− σl(z)|) ≤ sup
x∈Rm
(|f(x) − σl(x)|).
Choose l such that the right hand side of this inequality is less than ε. We have for Γ′ ⊂⊂ Γ̂
sup
z∈T
Γ′
|F (z)− a0| ≤ sup
z∈T
Γ′
|F (z)− σl(z)|+ sup
z∈T
Γ′
|σl(z)− a0| ≤ ε+ sup
z∈T
Γ′
|σl(z)− a0|.
Note that for any fixed λn ∈ Γ \ {0} the value 〈y, λn〉 tends to +∞ as ‖y‖ → ∞, y ∈ Γ
′, therefore, we have
|σl(z)− a0| = |
l−1∑
j=1
kljaje
i〈x,λj〉e−〈y,λj〉| ≤
l−1∑
j=1
|aj |e
−〈y,λj〉 → 0
as ‖y‖ → ∞ on Γ′. Hence, uniformly w.r.t. z ∈ TΓ′
lim
‖y‖→∞
|F (z)− a0| ≤ ε. (10)
This is true for arbitrary ε > 0, then (8) follows.
If sp f ⊂
◦
Γ, then for any λn ∈ sp f , 〈y, λn〉 → +∞ as ‖y‖ → ∞ uniformly w.r.t. y ∈ Γ̂, therefore (10) is
true uniformly w.r.t. z ∈ T
Γ̂
, and (8) is also true. The theorem has been proved.
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Theorem 2. Let f(x) be an almost periodic function by Stepanoff on Rm with the Fourier series (7). Let
all the exponents λn belong to a cone Γ ⊂ R
m. Then there exists an almost periodic by Stepanoff function
F (z) in the tube set T
Γ̂
with the Fourier series (6) such that F (x) = f(x). The function F (z) is holomorphic
almost periodic by Bohr on any domain T
Γ̂+b
, b ∈
◦
Γ̂. Besides, for any cone Γ′ ⊂⊂ Γ̂ we have uniformly w.r.t.
z ∈ TΓ′
lim
‖y‖→∞
F (z) = a0, (11)
where a0 is the Fourier coefficient for the exponent λ = 0. If sp f ⊂
◦
Γ, then (11) is true uniformly w.r.t.
z ∈ T
Γ̂+b
for any b ∈
◦
Γ̂.
Proof. To prove the first part of the theorem, we need to replace ϕq,l(z) by
ϕ̂q,l(z) = log

 ∫
[0,1]m
|σq(z + u)− σl(z + u)|
pdu


1
p
.
Arguing as in the proof of theorem 1, we obtain that the Bochner-Feyer sums σq(z) converge in the Stepanoff
metric uniformly w.r.t. z ∈ T
Γ̂
to an almost periodic function by Stepanoff F (z) with Fourier series (6).
Let b ∈
◦
Γ̂. The module of the function σq(z) − σl(z) is estimated from above by the mean value on the
corresponding ball contained in T
Γ̂
. Using the Ho¨lder inequality, we have
sup
x∈Rm
|σq(x+ bi)− σl(x+ bi)| ≤ C sup
z∈T
Γ̂

 ∫
[0,1]m
|σq(z + u)− σl(z + u)|
pdu


1
p
,
where the constant C depends only on b and Γ̂.
Applying lemmas 1 and 2 to the functions
ψ˜q,l,b(y) = sup
x∈Rm
log |σq(z + bi)− σl(z + bi)|,
we get that the Bochner-Fourier sums converge uniformly on T
Γ̂+b
to F (z), thus F (z) is holomorphic almost
periodic by Bohr in T
Γ̂+b
for any b ∈
◦
Γ̂.
Then the other statements of the theorem follow from theorem 1.
Now we prove the inverse statements to theorems 1 and 2.
Theorem 3. Suppose that an almost periodic by Bohr function f(x) continuously extends to the interior of
TΓ as a holomorphic function F (z). If F (z) is bounded on any set TΓ′ , Γ
′ being a the cone in Rm, Γ′ ⊂⊂ Γ,
then F (z) is an almost periodic function by Bohr on TΓ and the spectrum of F (z) is contained in Γ̂.
Proof. Take λ /∈ Γ̂. Then there exists y0 ∈
◦
Γ such that 〈y0, λ〉 < 0.
Choose a neighbourhood U ⊂
◦
Γ of y0 such that 〈y, λ〉 ≤
1
2 〈y0, λ〉 for all y ∈ U. Let A be any nondegenerate
operator in Rm such that A maps all the vectors e1 = (1, 0, . . . , 0), . . . , em = (0, 0, . . . , 1) into U .
The function F (Aζ) is holomorphic and bounded on the set
{ζ = ξ + iη ∈ Cm : ξ ∈ Rm, ηj > 0, j = 1, . . . ,m}
because A{η : ηj ≥ 0} ⊂ Γ.
If for each coordinates ζ1, . . . , ζm we change the integration over the segments −N ≤ ξj ≤ N , ηj = 0 to
the integration over the half-circles ζj = Neiθ
j
, 0 ≤ θj ≤ pi, j = 1, . . . ,m we obtain the equality(
1
2N
)m ∫
[−N,N ]m
F (Aξ)e−i〈Aξ,λ〉dξ =
(
i
2
)m ∫
[0,pi]m
F (ANeiθ)
m∏
j=1
eiθ
j−iNeiθ
j
〈Aej ,λ〉dθ, (12)
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where θ = (θ1, . . . , θm), eiθ = (eiθ
1
, . . . , eiθ
m
).
Since 〈Aej , λ〉 < 0 for j = 1, . . . ,m, we see that the integrand in the right-hand side of (12) is uniformly
bounded for all N > 1. By Lebesgue theorem (12) tends to zero as N →∞.
Thus
lim
N→∞
1
(2N)m
∫
A([−N,N ]m)
f(x)e−i〈x,λ〉dx = 0. (13)
Cover the set A([−N2, N2]m) by cubes Lj = x
′
j+[−N,N ]
m such that the interiors of these cubes are not in-
tersected. We may assume that the number of the cubes intersecting the boundary of the set A([−N2, N2]m)
is O(Nm−1) as N → ∞. Taking into account boundedness of the function f(x)e−i〈x,λ〉 on Rm and equal-
ity (13), we have
1
(2N)2m
∫
∪Lj
f(x)e−i〈x,λ〉dx =
1
(2N)2m

 ∫
A([−N2,N2]m)
f(x)e−i〈x,λ〉dx+O(N2m−1)

 = o(1) (14)
Since (5) we see that uniformly w.r.t. x′ ∈ Rm as N →∞
1
(2N)m
∫
x′+[−N,N ]m
f(x)e−i〈x,λ〉dx = a(λ, f) + o(1). (15)
On the other hand, the number of the cubes Lj equals O(N
m) as N →∞, then the equality a(λ, f) = 0
follows from (14) and (15). This yields the inclusion sp f ⊂ Γ̂. Using theorem 1 we complete the proof of
our theorem.
Theorem 4. If F (z) is bounded on each set TΓ′ , Γ
′ ⊂⊂ Γ, and the nontangential limit value of F (z) as
y → 0 is an almost periodic function by Stepanoff on Rm, then F (z) extends to TΓ as an almost periodic
function by Stepanoff and the spectrum of F (z) is contained in Γ̂.
Proof. The proof of this theorem is the same as of theorem 3, but we have to use theorem 2 instead of
theorem 1.
To formulate further results we need the concept of P -indicator. ( See, for example, [5], p. 275.)
Definition. P -indicator of an entire function F (z) on Cm is the function
hF (y) = sup
x∈Rm
lim
r→∞
1
r
log |F (x+ iry)|.
Theorem 5. (For m = 1 see [3], [4].) Let f(x), x ∈ Rm be an almost periodic function by Stepanoff with
the Fourier series (7), and let ‖λn‖ ≤ C < ∞ for all n. Then f(x) extends to C
m as an entire function
F (z) of exponential type, which is almost periodic by Bohr on any tube domain in Cm with bounded base;
F (z) has the Dirichlet series (6), and P -indicator hF (y) satisfies the equation hF (y) = Hsp f (−y), where
Hsp f (µ) := sup
x∈sp f
〈x, µ〉 is the support function of the set sp f .
Proof. Take µ ∈ Rm such that ‖µ‖ = 1. Put
fµ(x) = f(x)e
−i[Hsp f (µ)+ε]〈x,µ〉.
The Fourier series
∞∑
n=0
ane
i〈x,λn−(Hsp f (µ)+ε)µ〉 corresponds to the function fµ(x), hence
sp fµ ⊂ {x ∈ R
m : 〈x, µ〉 ≤ −ε}.
Since sp fµ is bounded, we obtain for some δ > 0
sp fµ(x) ⊂ Γδ,−µ = {λ ∈ R
m : 〈λ,−µ〉 ≥ δ‖λ‖}.
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Theorem 2 yields that fµ(x) extends to the interior of the domain TΓ̂δ,−µ
, where
Γ̂δ,−µ = {y : 〈y,−µ〉 ≥
√
1− δ2‖y‖}
is the conjugate cone to Γδ,−µ, as an almost periodic function by Bohr Fµ(z). This function is holomorphic
on any domain T
Γ̂δ,−µ+b
, b ∈
◦
Γ̂δ,−µ with the Dirichlet series
∞∑
n=0
ane
i〈z,λn−[Hsp f (µ)+ε]µ〉,
and Fµ(z)→ 0 as ‖y‖ → ∞ uniformly w.r.t. z ∈ TΓ′ for any cone Γ
′ ⊂⊂ Γ̂δ,−µ. Using (5) we get∣∣∣ane−〈y,λn−[Hsp f (µ)+ε]µ〉∣∣∣ ≤ sup
x∈Rm
|Fµ(x+ iy)|, y ∈ Γ
′. (16)
Put
F (z) := Fµ(z)e
i[Hsp f (µ)+ε]〈z,µ〉.
F (z) is almost periodic on TΓ′ with Dirichlet series (6). Therefore it follows from (16) that
|an| ≤ sup
x∈Rm
|F (x + iy)|e〈y,λn〉. (17)
On the other hand, the function Fµ(z) is bounded on TΓ′ , hence
|F (z)| ≤ C(Γ′)e−[Hsp f (µ)+ε]〈y,µ〉, z ∈ TΓ′ (18)
Cover the space Rm by the interiors of a finite number of cones Γ′1, . . . ,Γ
′
N . There exist holomorphic on
the interior of Γ′k almost periodic functions Fk(z), k = 1, . . . , N with identical Dirichlet series (6). Using
the uniqueness theorem, we obtain that these functions coincide on the intersections of the cones and thus
define a holomorphic function F (z) on Cm \Rm. The Bochner-Feyer sums for F (z) converge to this function
uniformly on any set
{z = x+ iy : x ∈ Rm, ‖y‖ = r > 0}.
Hence, these sums converge on the tube domain T{‖y‖<r}. Thus F (z) extends to C
m as the holomorphic
function, which is almost periodic on any tube set with a bounded base. Owing to the uniqueness of
expansion into Fourier series, we have F (x) = f(x).
Let us prove that hF (y) = Hsp f (−y). From inequality (18) with µ = −y it follows that
hF (y) ≤ lim
r→∞
1
r
[Hsp f (−y) + ε]〈ry, y〉 = Hsp f (−y) + ε.
The functions hF (y) and Hsp f (y) are positively homogenious, hence the inequality
hF (y) ≤ Hsp f (−y)
is true for all y ∈ Rm.
Further, fix x, y ∈ Rm. The holomorphic on C function ϕ(w) = F (x + wy) is bounded on the axis
Imw = 0. Then the estimate
|ϕ(w)| ≤ Cea|Imw|
for some a > 0 and all w ∈ C follows from (18). Using the definition of P -indicator, we get
lim
v→+∞
1
v
log |ϕ(iv)| ≤ hF (y).
Therefore the function ϕ(w)ei(hF (y)+ε)w is bounded on the positive part of the imaginary axis. Applying
the Fragmen-Lindelof principle to the quadrants Rew ≥ 0, Imw ≥ 0 and Rew ≤ 0, Imw ≥ 0, we get
boundedness of this function on the upper half-plane. Applying the Fragmen-Lindelof principle to the
half-plane Imw ≥ 0, we get the inequality
|ϕ(w)| ≤
(
sup
Imw=0
|ϕ(w)|
)
ehF (y)Imw (Imw > 0).
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Hence, for all z ∈ Cm, we have
|F (z)| ≤ sup
x∈Rm
|F (x)|ehF (y).
Now using formula (17) for coefficients of the Dirichlet series of the function F (z), we get the estimate
|an| ≤ sup
x∈Rm
|f(x)|ehF (y)+〈y,λn〉. (19)
Suppose 〈y0, λn〉 + hF (y0) < 0 for some y0 ∈ R
m. Put y = ty0 in (19) and let t→ ∞. We obtain an = 0.
This is impossible because λn ∈ sp f .
Thus for all y ∈ Rm and λn ∈ sp f we have hF (y) + 〈y, λn〉 ≥ 0, hence
Hspf (−y) = sup
λn∈sp f
〈−y, λn〉 ≤ hF (y).
This completes the proof of the theorem.
The following theorem is inverse to the previous one.
Theorem 6. (For m = 1 see [3], [4].) Let F (z) be an entire function on Cm, |F (z)| ≤ Ceb‖z‖, let F (x),
x ∈ Rm be an almost periodic function by Stepanoff with the Fourier series (7). Then F (z) is an almost
periodic function by Bohr on any tube domain TD ⊂ C
m with the bounded base, F (z) has the Dirichlet
series (6), and sp F ⊂ {λ : ‖λ‖ ≤ b}.
Proof. It follows from theorem 5, that it suffices to prove the inclusion
sp F ⊂ {λ : ‖λ‖ ≤ b}.
Let the function F (x) be bounded on Rm. Arguing as in theorem 5, we see that for all z ∈ Cm
|F (z)| ≤ sup
x∈Rm
|F (x)|ehF (y),
where hF (y) is P -indicator for F (z). Further, for all x ∈ R
m we have
hF (y) = sup
x∈Rm
lim
r→∞
1
r
log |F (x+ iry)| ≤ sup
x∈Rm
lim
r→∞
1
r
(logC + b‖x+ iry‖) ≤ b‖y‖,
therefore for all z ∈ Cm
|F (z)| ≤ Ceb‖y‖.
Take ε > 0, µ ∈ Rm, ‖µ‖ = 1. Consider the function
Fµ(z) = F (z)e
−i〈z,µ〉(b+ε).
Since |Fµ(z)| ≤ Ce
b‖y‖+(b+ε)〈y,µ〉 uniformly w.r.t. x ∈ Rm, then Fµ(z) is uniformly bounded for z ∈ TΓ−µ ,
where Γ−µ is the cone {y : 〈y,−µ〉 ≥ (1 −
ε
b+ε )‖y‖}. Using theorem 4, we obtain that the spectrum Fµ is
contained in Γ̂−µ and
sp F = sp Fµ + (b+ ε)µ ⊂ Γ̂−µ + (b+ ε)µ.
Finally, using the inclusion ⋂
µ: ‖µ‖=1
(Γ̂−µ + (b + ε)µ) ⊂ {λ : ‖λ‖ ≤ b+ ε}
and the arbitrarity of choice of ε we get the assertion of the theorem in the case of bounded on Rm function
F (z).
Now let the function F (z) be unbounded on Rm. Put for some N > 0
g(z) =
1
Nm
∫
[0,N ]m
F (z + t)dt.
The function g(z) satisfies the estimate on Cm
|g(z)| ≤ CebmNeb‖z‖.
8
As in the case m = 1 (see [4]), we can prove that g(x) is an almost periodic function by Bohr and is bounded
on Rm. The function g(x) has the Fourier series
∞∑
n=0
an
eiλ
1
nN − 1
Nλ1n
. . .
eiλ
m
n N − 1
Nλmn
ei〈x,λn〉,
where λjn are coordinates of the vector λn (if λ
j
n = 0, the corresponding multiplier should be replaced by 1).
Using countability of sp F , we can choose N in such a way that none of the numbers λjnN coincides with
2pik, k ∈ Z \ {0}. In this case sp g = sp F . Applying the proved above statement to the function g(z), we
obtain the inclusion
sp F ⊂ {λ : ‖λ‖ ≤ b}.
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